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ABSTRACT 
 
The Institutes for Engineering Design and for Microtech-
nology at the Technical University of Braunschweig in 
Germany are developing a software system, which enables 
engineers to cope with tolerances in the design of complex 
products. Besides the theoretical background of this soft-
ware the latest progress in its development is presented in 
this paper. 

 

1. INTRODUCTION 
 
The large variety of the technologies and physical, chemi-
cal or biochemical effects comprised in micro systems 
requires a new generation of quality assurance. An appro-
priate quality management should check all conceivable 
influences on the product and perform a complete toler-
ance synthesis process based on its function and regarding 
manufacturing and cost optimization. In the following a 
software tool is presented, which enables design engineers 
and product developers to cope with any kind of toler-
ances affecting the function of MEMS. This software is 
called the 'Tolerance Analysis and Synthesis Tool for Mi-
cro Systems' (µ-ToAST). It has been developed by the 
Institutes for Engineering Design and Microtechnology in 
Braunschweig, Germany. 
 

2. THEORETICAL BACKGROUND 
 
2.1. Tolerance Analysis  
 
The main equation used in the software is the TAYLOR 
expansion of the form [1]: 

 
The function )(xf  produces the output parameter, which 

is a combination of the input parameters 
},,,,{ 321 jxxxxx …= . The tolerances corresponding to 

these input parameters are represented by ixδ . The re-

quired tolerance of the output parameter is given by the 
second term of the right side of the equation. The needed 
order of this expression is determined by the value of the 
differential [2]. In most cases the first order is used. One 
advantage of using the TAYLOR expansion is its independ-
ence of dimensions. Classical methods of tolerance analy-
sis being used in engineering design merely work on 
lengths and angles utilizing simple vector algebra. With 
micro system technologies further units have to be re-
garded as well. These are for example temperatures, elec-
trical and magnetic fields, concentrations, material data 
and many more. Another advantage is the implicit impact 
of the terms of the sum on the final tolerance; this facili-
tates the identification of the parameter with the largest 
influence. Disadvantageous to the TAYLOR expansion is 
the necessity to know an appropriate mathematical de-
scription of the problem. In order to reduce this hindrance, 
the software tool is capable of applying two methods, each 
of which operates on tables with experimental data. The 
first approach is to derive an analytical fitting function 
from the data and then apply the TAYLOR expansion to it. 
The second method is to perform a multidimensional lin-
ear data interpolation. 
 
2.2. Tolerance Synthesis 
 
The derivatives of the TAYLOR expansion mentioned 
above with respect to each of the input parameters are 
called the tolerance sensitivities, which are necessary to 
perform the actual tolerance synthesis. Any tolerance syn-
thesis in general addresses the question: given a required 
tolerance of the output parameter, what would the result-
ing input tolerances be? The desired tolerance of the out-
put parameter is labeled fδ . In worst-case studies this 

term is the maximum rated tolerance. The formation of 
input tolerance distributions is assisted by the software in 
two different ways: 
 

• evenly distributed influences of all input tolerances 

• evenly distributed influences of selected input tol-
erances 
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To get an even distribution of all input tolerances the 
software calculates for any i: 

 
To obtain an even distribution of selected input tolerances 
the software first calculates the difference between the 
worst-case tolerance and the tolerance given by the input 
tolerances determined beforehand. This difference now 
represents the new worst-case tolerance for the remaining 
input tolerances. The following equation describes this 
procedure for k input tolerances: 

 
k is the number of those parameters whose variations are 
not given. 
 
2.3. MONTE-CARLO Simulations 
 
In manufacturing processes, the results depend on every 
parameter, but the errors of parameters often cannot be 
avoided. In case the distribution is known for every pa-
rameter, the distribution of the result is wanted. Therefore 
a MONTE-CARLO Simulation is necessary. The errors of 
different parameters may have different distributions. It 
depends on many factors. In the present software, Uni-
form Distribution, GAUSSIAN Distributions and Weibull 
Distributions can be selected for every parameter. Arbi-
trary distributions can be converted to computer generated 
random numbers which represent the given probability 
density distribution of e.g. experimental or material data. 
 
2.3.1. Uniform Distribution 
A random variable x is called uniform if its density is con-
stant within the interval [ ]ba,  and zero elsewhere: 

 
The corresponding distribution function reads: 

 
 

2.3.2. GAUSSIAN Distribution 
A random variable x is called GAUSSIAN or Normal dis-
tributed if its density function reads 
 

  (1) 

µ is called location parameter, and σ  is the shape pa-
rameter. The formula for the distribution function associ-
ated with the GAUSSIAN Distribution is 

 
The standard form of any distribution has 
location parameter zero and shape parameter one. For the 
GAUSSIAN distribution, the location and the scale parame-
ters correspond to the mean value and the standard devia-
tion, respectively. 
 
2.3.3. WEIBULL Distribution 
The formula for the probability density function of the 
general WEIBULL Distribution is 

 
In this equation γ  is the shape parameter, µ  is the loca-

tion parameter and α  is the scale parameter. If µ=0 the 
resulting equation is called the standard WEIBULL distribu-
tion. By giving α  and γ  different values a whole family 

of distributions is generated by this equation. For example 
if 2=γ  and 0=µ  the equation reduces to the so-called 

RAYLEIGH distribution [3]. Furthermore the Exponential 
distribution can be obtained by choosing 1=γ  and 

0=µ . It has the form 

 
The formula for the distribution function associated with 
the standard WEIBULL distribution is 

 
The combination of simplicity and flexibility in the shape 
of the WEIBULL distribution has made it an effective dis-
tributional model in reliability applications. 
 
2.4. Processing of geometric tolerances 
 
In sections 2.1, 2.2 and 2.3 the general handling of toler-
ances is described as an analytical problem. The main task 
in solving this problem is to find an suitable description of 
the interdependencies of the input parameters. 
During the processing of geometric tolerances, the µ-
ToAST uses the advantages of modern CAD-Software, 
such as SolidWorks, Unigraphics or Pro/Engineer. With 
these extensive software tools the design engineer is able 
to link a system of equations and constraints to the geo-
metric model. At best the complete geometry is repre-
sented by geometric and dimensional constraints. Fig. 1 
shows a simple example of a three-dimensional CAD-
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model of a geometry which can be completely described 
by geometric and dimensional constraints. This part con-
sists of three links (including the ground, n=3) which are 
joined by three cardan joints (g=3). 
 

 
Figure 1: Simple Example - Three cardan joints 

 
GRUEBLER's equation [4] leads to zero degrees of free-
dom: 

 
The term ∑ f  is the sum of kinematic variables in the 

mechanism. 
 

 
Figure 2: Resulting point cloud of the simulation of fig. 1 
 
Static determination is a prerequisite for handling geomet-
ric tolerances within the µ-ToAST software. If the geome-
try is not statically determined, it is not possible to differ-

entiate the tolerance-related uncertainties from mechanical 
degrees of freedom. In fig. 1 the tolerance analysis of the 
positions of the two joints near the ground and the lengths 
of the links leads to the tolerance of the third joint. The 
result of this analysis is shown in fig. 2.  
Every point in this cloud represents one event of the 
MONTE-CARLO Simulation. The input values were all cal-
culated according to eq. (1). The statistically distributed 
tolerance of the right link was four times higher than the 
tolerance of the left one. 
 
2.4.1. Further processing 
Normally the procedure of MONTE-CARLO Simulation is 
as follows. Each input parameter gets a nominal value, 
e.g. the crossing points of the two joints in fig. 1 should be 
located at 501 −=x mm, 01 =y mm, 01 =z mm and 

502 =x mm, 02 =y mm, 02 =z mm and both links should 

have the length 70 mm. For a tolerance analysis a varia-
tion of at least 2 parameters is necessary. This variation 
could be obtained by determination of limits, e.g. 

6.0,, =zyxl mm for the joint crossing points, and calcula-

tion of spreads (the so-called shape parameter) for the 
probability distributions: 2.03/ == lσ  [5]. These calcu-
lations in combination with eq. (1) lead to two spherical 
zones of possible locations for both lower joints. The 
probability density depends on the distance from the cen-
ter of the sphere (which is the nominal value) and has the 
shape of a GAUSSIAN distribution. Applying the same pro-
cedure to both lengths of the links leads to two one-
dimensional and two three-dimensional tolerance zones. 
Each event of the MONTE-CARLO Simulation is a combi-
nation of four parameters (two points and two lengths) 
which are computed by algorithms which represent the 
mentioned probability distributions. The resulting point 
cloud (fig. 2) then has to be transformed into a density. 
Therefore the complete room which contains events is 
divided in small room elements. In each room element the 
events are counted and, with the aim of standardization, 
divided by the total amount of events. For the further 
processing of these probability distributions in following 
tolerance analyses, a function has been implemented 
which calculates random numbers representing these dis-
tributions. Thus, any result of a tolerance analysis of ge-
ometries can serve as input for following tolerance analy-
ses. The software is able to process resulting tolerance 
zones of any desired shape. 
 
2.5. Generation of statistically distributed tuples 
 
As mentioned in the previous section the µ-ToAST con-
tains an algorithm, which is able to generate coordinates 
(or n-tuples) by a given spatial probability density. This 
procedure is shown in fig. 3 for one dimension. 
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Figure 3: Generating random numbers by a given arbi-

trary probability density p(x) 
 
The computer is able to generate uniform distributed 
pseudo-random numbers between 0 and 1. These can be 
converted to any interval. Consequently it is possible to 
generate uniform distributed pseudo-random numbers rx  

and rp  of the intervals [ ]maxmin , xx  and [ ]max,0 p . The 

values of rx , which comply with the condition 

)( rr xpp ≤  will be stored - the others will be rejected. 

The stored numbers represent the probabilty density cor-
responding to )(xp . The absolute frequency of numbers 

outside the interval [ ]maxmin , xx  is zero. 

The procedure of generating random triples is analog, 
although four uniform distributed computer-generated 
pseudo-random numbers are needed: [ ]max0,rp p∈  and 

3
min max,rx x x ∋ ∈  R . 

 
3. EXAMPLES 

 
3.1. Accelerometer 
 
As an example of the methods described above an accel-
eration sensor should serve. This sensor is shown in  

fig. 4. It consists of a frame, a 
beam of width b and length L 
and a square-shaped seismic 
mass with the edge length mL . 

 
Figure 4: Top-view of an accel-
eration sensor with one beam 
and seismic mass 
 

The thickness h of the device is 500 µm. The eigenfre-
quency of this sensor can be approximated by 
 

2

0 2 3
Si

m Si

E bh

L L
ω

ρ
=

⋅
.  (2) 

 
In this equation SiE  is the YOUNG's modulus of silicon 

and Siρ  is its density. 

 
3.1.1. Tolerance Synthesis 
Firstly, a tolerance synthesis with respect to the eigenfre-
quency of the device shall be carried out. The given 
nominal geometric values are L=500 µm, mL =2000 µm, 

b=100 µm and h=500 µm. Thus, the resulting nominal 
value of the eigenfrequency is 58.722 kHz.  
 

0δω [kHz] 1.0 3.0 5.0 

Lδ [µm] -1.408 -4.161 -6.831 

mLδ [µm] -8.449 -24.96 -40.99 

bδ [µm] 0.845 2.496 4.099 
hδ [µm] 2.112 6.241 10.25 

Table 1: Results of the tolerance synthesis of the accel-
eration sensor's eigenfrequency 

 
The results of this tolerance synthesis are shown in table 
1. The first row contains the given tolerances of the eigen-
frequency. This example only refers to positive input tol-
erances. It becomes clear that the tolerance sensitivity of 
the parameter b has the largest value. Increasing sensitiv-
ity causes a decrease in the value of the allowed tolerance. 
Slightly unsatisfying is the high discrepancy of the calcu-
lated input tolerances. The fact that all input parameters 
are lengths makes a uniform distribution of the target tol-
erance desirable. In that case µ-ToAST offers a function, 
which calculates tolerance distributions considering dif-
ferent weight factors for the inputs. 
 

0δω [kHz] 1.0 3.0 5.0 

Lδ [µm], 28.5% -1.610 -4.784 -7.897 

mLδ [µm], 4.8% -1.627 -4.834 -7.981 

bδ [µm], 47.6% 1.613 4.794 7.914 
hδ [µm], 19.1% 1.618 4.809 7.939 

Table 2: Results of the tolerance synthesis of the accele-
ration sensor's eigenfrequency including weight factors 

 
The results of the same tolerance synthesis described 
above including the weight factors 28.5% for L, 4.8% for 

mL , 47.6% for b and 19.1% for h are shown in table 2. A 

check of the resulting tolerances for a given tolerance of  
1 kHz leads to a worst-case eigenfrequency of  
59.7218 kHz. 
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3.1.2. Tolerance Analysis 
The last sentence of the previous subsection describes a 
worst-case tolerance analysis: given input tolerance inter-
vals are merged into the highest amount of  deviation from 
the nominal value concerning the target parameter. When 
imagining local extrema appearing between the limits of 
the intervals the solution of this problem is obviously not 
trivial, but processing non-monotone functions is a task 
for the further development of µ-ToAST. 
In this subsection statistical tolerance analyses will be 
described. In contrast to worst-case studies statistical tol-
erance analyses are based on input tolerances which are 
statistically distributed. At first glance, an analytical ex-
ample should show that the linkage of input and output 
within a statistical tolerance analysis is not necessarily 
clearly evident. The regarded function is 

2( , ) /f x y x y= , the input parameters x and y are both 

distributed uniformly over the interval [1,2] complying 
with a nominal value of 1.5 and tolerances of 0.5± . This 

leads to possible function values limited by 1/ 2  and 4. 
The resulting probability distribution of this tolerance 
analysis is shown in fig. 5. 
 

 
Figure 5: A simple example to clarify the complex linkage 

between input and output within statistical tolerance 
analysis 

 
The marked points denote the probabilities of function 
values, which are resulting from the interval limits: 

( )(1) (1,2) 0.707p f ≈" , ( )(2) (1,1) 1p f =" ,  

( )(3) (2,2) 2.828p f ≈"  and ( )(4) (2,1) 4p f =" . 

For the comparison of worst-case studies and statistical 
tolerance analyses the examples for synthesis (subsection 
3.1.1) should serve. Fig. 6 shows the result of a statistical 
tolerance analysis of the eigenfrequency of the accelera-
tion sensor shown in fig. 4. The input parameters have 
been uniformly distributed: [100,104]b ∈ , [500,510]h ∈ , 

[1960,2000]mL ∈  and [493,500]L ∈  (all values are µm). 

Obviously the non-linearity leads to a quasi-GAUSSIAN 
shape. The maximum probability is located at 

0 61.175ω = kHz, that is the exact value for the middle of 

the input intervals. 
 

 
Figure 6: Statistical tolerance analysis corresponding to 

Table 1, last column 
 
The next example is a comparison of two statistical toler-
ance analyses. They correspond to the worst-case synthe-
ses of the last columns of table 1 and 2. The input toler-
ances have been GAUSSIAN distributed, their spreads cal-
culated by / 3σ δ= . The non-linearity of the input pa-
rameters leads to different spreads of the expectation val-
ues for the target parameter. 
 

 
Figure 7: Comparison of two different statistical analyses 

corresponding to the previously described worst-case 
tolerance syntheses 

 
The last example should demonstrate the powerfulness of 
µ-ToAST. Fig. 8 shows the interdependence of YOUNG's 
modulus and crystal direction [6] of silicon for the planes 
[100] and [110]. This anisotropy will have an effect on the 
eigenfrequency. The original manufacturing parameter, 
which causes deviation from the nominal eigenfrequency 
is the angle ϕ  on the wafer. In this case the angle should 

be completely indifferent, that means that it is uniformly 
distributed over 0° and 360°. After generating this angle 
µ-ToAST calculates the corresponding YOUNG's modulus 
by interpolating the data from fig. 8. 
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Figure 8: The Young�s modulus of silicon for planes 

[100] and [110] 
 

The remaining input parameters and their distributions are 
shown in table 3. 
 

par. type µ [µm] σ [µm] 
ϕ  uniform 0 to 360°   
b GAUSSIAN 100 1/3 
h GAUSSIAN 500 5/3 

mL  GAUSSIAN 2000 20/3 
ρ  fix 2320 kg/m^3   
L GAUSSIAN 500 5/3 
Table 3: Input parameters and their distributions 

 
The result of this statistical tolerance analysis is shown in 
fig. 9. The corresponding MONTE-CARLO Simulation was 
built by 106 events. 
 

 
Figure 9: Expactation value for the eigenfrequency with 
uniformly distributed crystal direction on plane [110] 

 
This result clearly offers a magnificent chance for the de-
scribed statistical tolerance management: if a wide varia-
tion of an input parameter leads to distinctive peaks in the 
expectation value of the target parameter, these could 
probably be taken as a quantity of acceptable results. 
Within this special example more than 80% of the accel-
eration sensors will have an eigenfrequency of 
55 0.5± kHz or 62 1.5± kHz. Less than 20% are rejects. 

In some cases this point of view might be cheaper than 
keeping very tight input tolerances. 
In any case, µ-ToAST offers a quick overview of the ex-
pected distributions of values of complex functions. 

 
4. SUMMARY AND PROSPECTS 

 
The introduced software µ-ToAST is a powerful tool for 
tolerance management of complex systems, especially 
microsystems.  The term tolerance management unites 
analysis, i.e. investigation of effects from input tolerances 
on the target tolerance, and synthesis, i.e. the meaningful 
allocation of input tolerances. An interface to a 3D-CAD 
system was developed to process geometric tolerances. 
In spite of the already considerable complexity of the tool, 
further development is still to be accomplished. For ex-
ample, it would be more practical for values of the same 
unit to be given the same tolerance ranges, which an 
automatic adaptation of the weighting for the sensitivities 
would require during synthesis. Also, it would have to be 
checked in worst-case analyses, whether a target parame-
ter, within a given tolerance interval belonging to an input 
parameter, possesses a local extremum, that is not situated 
on an interval boundary. Besides, the automatic interpreta-
tion of statistical tolerance analyses is needed, that means 
the recognition of extrema and their corresponding 
spreads. 
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